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Summary
From EEVAM, as experts in Electric Vehicle Design and Development, we
provide engineering services to multiple companies in the automotive sector,
while keeping track of the trends and market needs.
One of the hot topics when talking about electric vehicles is range
maximisation. Providing enough range is absolutely crucial for the success
of the the product, and achieving the desired value given the restrictions of
the particular vehicle (cost, shape, weight, etc) puts up a challenge in every
project.
In order to tackle this issue for our clients in the best possible way, from
EEVAM, we are currently studying a general approach to the subject of
aerodynamic shape optimization under geometrical restrictions with the
purpose of optimising range on Light Electric Vehicles (LEVs).
This has been possible thanks to the collaboration with Professor Manuel
Colera Rico, from Universidad Politécnica de Madrid, who specializes in
areas such as applied mathematics, numerical methods and fluid
mechanics.
His research is summarized in this report, and distributed as a White Paper
by EEVAM Technologies, with the purpose of serving as an introduction to the
subject, which will be followed by more specific case studies in future
publications.
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1. Introduction
This report aims to briefly review the
state of the art in aerodynamic shape
optimization (ASO) methods and to
provide some suggestions about how
the ASO problem can be approached in
the case of an electric motorbike.

It is not our purpose to explain in detail
any of the ASO methods; the reader is
referred to an extensive and recent
review by Skinner and Zare-Behtash
[20] for more information.

It is not our purpose either to specify
which methods in particular should be
employed for the specific case of an
electric motorbike, since this would
require first a deep knowledge about
the motorbike and the simulation tools.
However, we expect that this report may
be useful to start approaching the ASO
problem for an electric motorbike in a
short-term future.
In what follows, CD denotes the
dimensional drag coefficient, which has
units of surface — i.e., CD is the product
of the reference surface and the wellknown dimensionless drag coefficient.

1. Introduction
The geometry of the vehicle can be described by a vector of
parameters x = [x1,…, xN ]T subject to restrictions of the form.

Then, the ASO problem can be approached by solving the
following subproblems:

Problem 1:
Choose an appropriate set of parameters x. Given x, generate a computer-aided
design (CAD) model of the external surface of the vehicle and obtain analytical or
numerical expressions for the restrictions.

Problem 2:
Given the CAD model of the external surface, evaluate CD = CD (x) via a CFD
solver in an efficient and accurate way.

Problem 3:
Minimize CD (x) subject to (1)-(2) with an efficient optimization algorithm.

1. Introduction
It may happen that, apart fromthe drag coefficient, another competing variable should be
optimized at the same time. For example, let
Ë [0ý, 90ý] be the inclination of the driver’s
back with respect to the vertical when seated in the motorbike, as shown in Fig. 1(left). For
simplicity, let us consider that, the smaller
is, the more comfortable the driver feels — i.e.,
= 0ý corresponds to the most comfortable case and
= 90ý is the less one. Let us assume
that
and CD are competing variables — small CD requires large
and vice versa. We can
treat this situation in two ways:
(i) consider a restriction of the form
max and just minimize CD(x),
(ii) obtain the Pareto front — Fig. 1(right) — and manually choose the ideal

configuration.

The case (ii) corresponds to a multi-objective optimization problem [15]. For simplicity, in this
report we consider cases as (i), in which only CD is to be minimized. However, the procedure
presented here can be readily extended to multi-objective optimization by considering some
modifications to the methods for Problem 3 [8, 15].

Figure 1: Definition of angle (left) and Pareto front with the optimal values of CD and
(right). The left figure has been obtained from https://www.pngfind.com/mpng/
ihhJJRR_scooter-motorcycle-motorbike-free-tu-huella-de-carbono/.

2. Defining the Geometry of the Vehicle
Generating a CADmodel of the external surface of the vehicle given a set of
parameters is a relatively feasible task nowadays. The difficulty relies on
choosing an appropriate set of parameters—in number and in geometrical
meaning. Although there are many possibilities [20], the main points to take
into account (if possible) are:
Use parameters that define the geometry locally. That is, if one parameter changes,
the surface should change as less as possible. In this way, the influences of each
parameter on CD are less coupled and the optimization procedure is accelerated.
Normally, CAD programs allow to define a surface by means of the position of
several control nodes and smooth interpolations, such as B-spline or NURBS. This is
fine for our purpose.
Use enough parameters to accurately describe the surface, but not too many. If we
describe the surface by too few parameters, we will only be able to generate too
simple geometries which are far from the optimal. On the contrary, if we employ
too many parameters, we will be able to generate absurd geometries which are
also far from the optimal. This is a problem especially for gradient-free
optimization algorithms — see Section 4 —, such as genetic algorithms, which
generate randomsamples. In these cases, many absurd configurations—as shown
in Fig. 2(right) — are generated, evaluated and discarded, wasting much
computational effort. In gradientbased methods, which search in CD-decreasing
directions, this problem is expected to happen less frequently; nevertheless, it is well
known that the searching procedure is also more difficult when the number of
unknowns increases.
Instead of directly trying to optimize a configuration described by a huge number
of parameters, it may be more efficient to iteratively increase the number of
parameters. That is, a configuration defined by few parameters is first optimized.
Then, the result is used as a starting guess for another configuration defined by a
higher number of parameters. This is performed iteratively until the results
converge.

2. Defining the Geometry of the Vehicle
Employ the proper orthogonal decomposition (POD) to reduce the number
of parameters that describe the surface and to filter out badly performing
geometries [21]. Briefly speaking, let us assume that, during the first steps, the
optimization algorithm produces m well performing geometries and n badly
performing ones — see Fig. 2. Recall that N is the number of geometric
parameters. The idea behind the POD is to approximate any well performing
geometry by a linear combination of p < N orthogonal modes, i.e.,

In this way, the degrees of freedom are now y1,…, yp, which are smaller in
number than theoriginal degrees of freedom x1,…, xN . The modes i are
obtained by processing the snapshot matrix

The reader is also referred to [19, 23] for more information about the POD.

Figure 2: Example in which an airfoil is described by the position of several nodes. Depending on
these positions, the airfoil iswell performing (le) or badly performing (right).
The idea of the POD is to obtain several (well performing) shape modes and to approximate any
well performing geometry by a linear combination of these, thereby reducing the number of
geometric parameters and the computational cost.

3. Computing the Drag Coefficient
The evaluation of CD for a configuration defined by a set of parameters x can be
carried out via a CFD solver. This task must be accomplished in a very efficient way
since the optimization algorithm will require to evaluate CD for many different
geometries. In addition, for gradient-based optimization methods, it is also desirable to
dispose of the gradient vector

3.1 The CFD Solver
The existing software for CFD simulation is vast. The best choice for our case may
depend also on its
availability and prize, and thus it is difficult to strongly recommend one solver over the
rest. However,
it would be most desirable that the chosen solver had the following characteristics:
(i) a friendly interaction with CAD models,
(ii) high-order space discretizations, since these are more efficient [3, 11],
(iii) automatic, goal-oriented, anisotropic mesh refinement (AMR) capabilities [2, 5],
(iv) employs the finite element method — continuous or discontinuous-Galerkin —
instead of the more conventional finite volume method, as the former is better posed
for AMR,
(v) solves the so-called adjoint problem — see Section 3.2 —,
(vi) provides element-wise error estimators, to allow for more control of the AMR
process.
The features above have been sorted in decreasing order of importance. Also, feature
(iv) will probably be already fulfilled if so is feature (iii), as many goal-oriented AMR
techniques require the evaluation of the adjoint problem.
The simulation should be carried out in an iterative fashion. Starting from a coarse grid,
we successively refine the mesh and obtain a new solution, until an error estimator is
under a prescribed tolerance. If the CFD solver does not provide an error estimator, it
can be obtained by comparing the current solution against a higher-order solution or
a solution defined on a mesh with half size, or by computing the interpolation error [4].
There are also other techniques, e.g. [3], but their implementation requires an
important programming effort.

3. Computing the Drag Coefficient
3.2 Computing the Gradient via the Adjoint Problem
The gradient vector a)CD/)x contains information about the sensitivity of CD with
respect to the geometry parameters. That is, it tells in which directions x has to change
in order to decrease CD. Therefore, it is of great importance for gradient-based
methods to run efficiently.
Although it is not straightforward, the resolution of the so-called adjoint problem [10] is
one of the most popular techniques to compute the gradient vector. Briefly speaking,
the set of parameters x defines a computational mesh, which implicitly defines the
vehicle surface. Let u be a column vector that contains the values of the fluid variables
— e.g., pressure, density and velocity — at each node of the mesh. It is clear that the
drag coefficient can be written as a function of the solution u and of the parameters x,
that is,

Thus, if the mesh and/or the solution are slightly perturbed, the variation in the drag
coefficient reads

where summation is performed over repeated indices. The first term in the right-hand
side represents the variation in CD due to perturbations in the solution for a fixed
mesh; the second one represents the variation due to a change in the geometry,
keeping fixed values of the solution at the mesh nodes.
On the other hand, the solution depends on the geometry via the (discretized)
Navier–Stokes equations. Let M be the length of u. Then, given a geometry x, the finite
element method should provide M (nonlinear) equations to determine u. Let us write
these equations in the form

3. Computing the Drag Coefficient
The perturbations u and x are not independent, since the perturbed solution must
also satisfy the Navier–Stokes equations. That is,

which yields

with [Ru]ij = )Ri/)uj . Recall that the derivatives of Ri are evaluated for the current
values of u and x. Substituting the last expression in (3), we obtain

and therefore

Note that, in order to evaluate (4), we need to compute first a vector defined by

3. Computing the Drag Coefficient
Linear system (5) defines the so-called adjoint problem, and has an interesting
physical meaning. Inthe Navier–Stokes equations, the information is transmitted by
two causes: convection in the direction of the velocity field and diffusion in all
directions. In the (linearized) adjoint problem, the perturbations are transmitted by
diffusion and by convection in a direction opposite to the velocity field. In this way,
is a variable that informs which points of the domain have more influence on CD.
Interestingly, these are not only the points at the vehicle boundary, but also those
upstream points whose fluid trajectories reach the latter. The reader is referred to [1,
Section 6.3] for an illustrating example.
The following remarks are in order.

Remark 1.

Summarizing, in the adjoint problem, the sensitivities of CD and of the equations
imposed by the finite element discretization with respect to the fluid variables u and
the geometric parameters x are computed. The expressions are manipulated to
obtain the total sensitivity of CD with respect to x.

Remark 2.

System (5) is of size N, the same as that provided by the finite element discretization.
However, the former is linear, in contrast to the latter. Hence, the computational cost of
solving (5) is smaller than the cost of solving the Navier–Stokes equations, and does
not depend on the number of geometric parameters.

Remark 3.

Unluckily, solving the adjoint problem requires much analytical manipulation and
programming effort. Hence, it should only be considered if it is already implemented in
the CFD solver.

3.3 Acelerating the Computations via Surrogate Modeling
An interesting approach used to accelerate the optimization procedure [20] consists
on building a simplified mathematicalmodel CD(x)—e.g., an artificial neural network
(ANN) [14]—fromthe results of several CFD simulations. Then, the model is used
whenever the optimization algorithm requires to
evaluate CD for a given geometry, avoiding the need to carry out a full CFD simulation
and reducing thus the computational cost. After several iterations in the optimization
algorithm, several CFD simulations are performed again to update the model. This is
called surrogate modeling.

4. Optimization Algorithms
Choosing an adequate optimization algorithm may be the most difficult task. The
literature about this topic is vast — see, e.g., [6, 7, 12, 16, 17] — and there is no perfect
solver. To make our choice, we have to consider (i) that the target function is expensive
and noisy—due to the flow turbulence —, (ii) that the gradient of CD with respect to the
geometric parameters may not be available, and (iii) that the geometric parameters
must satisfy the constraints (1)-(2).

4.1 Dealing with Constraints
In ASO problems, it is typical [20] to penalize the target function with terms that vanish
when the restrictions are satisfied and are positive otherwise. In this way, the original
constrained problem is transformed into an unconstrained problem such as

where ai > 0 and bi > 0 are known parameters. As long as ui, vi E +Ø, the penalty terms
have more weight in the formula and thus x is forced to fulfill the restrictions. In that
case, the penalty terms vanish, so that x is also forced to minimize L and CD. The
parameters ui and vi are increased iteratively until convergence. Algorithms of this
kind are called penalty methods.
Another related class of algorithms are the augmented Lagrangian methods. In the latter, we solve

where ai and bi are guesses for the corresponding Lagrange multipliers. The
parameters ui and vi are increased iteratively, whereas Bi and Bi are updated as ai Cai
+uigi(x<), Bi CBi +vi max {hi(x<), 0}, with x< the last iterated solution.
It can be shown [16] that augmented Lagrangian methods are most robust and
converge faster than penalty methods. The reader is referred to [16, Chapter 17] for
more details about these two methods, and to [6, 7, 16] for information about other
constrained optimization methods.

4. Optimization Algorithms
4.2 Gradient-based vs Gradient Free Methods
The behavior of gradient-based and gradient-free methods can be explained with the
following analogy [18] — see also Fig. 3. In gradient-based methods [6, 7, 16], we seek
to find the lowest point in a set of hills, starting from a given point A. Since the slope of
the ground is known, we walk following a descent direction, so that we rapidly arrive at
a local minimum B. Note, however, that it is not possible to reach the global minimum
C with this strategy, and that we may get stack in regions with an irregular ground if
the initial guess is different. The steepest descent method is the most popular in ASO,
although the nonlinear conjugate gradient method [9] and Anderson’s acceleration
[13, 22] may perform better.
In gradient-free methods [12, 17], we are in a boat at the surface of a lake—point A—
and we seek to find the lowest point at the bottom. Now, we do not dispose of the
slope of the ground, so we have to move to several points — D to F —, measure the
depth at these points and make a reconstruction of the ground. Hence, we may need
much more iterations to find a minimum, but the latter will probably be the global one
C. In addition, this strategy is less sensitive to irregularities in the ground. Typically
,genetic algorithms, particle swarm optimization and simulated annealing are the
methods employed for ASO.

Figure 3: Analogy for gradient-based (left) and gradient-free (right) methods.

There also exist hybrid methods, i.e., algorithms that combine gradient-free with
gradient-based techniques [20]. The first iterations are done with a gradient-free
algorithm so as to have a good guess to the global minimum. Then, the minimum is
rapidly found with a gradient-based method. However, there may still be convergence
problems if CD is noisy due to the flow turbulence.

4. Optimization Algorithms
Note that, as said in Section 3, gradient-based methods require the derivatives of CD
with respect to the geometric parameters xi, which can be efficiently computed with
the aid of the adjoint problem. Since the latter is difficult to implement, we require that
the CFD solver provide its solution. If this is not the case, each derivative can be
estimated as

where x is an arbitrary small quantity. Note that this requires to carry out N additional
CFD simulations, and thus it is prohibitively expensive if N is large — unless we employ
surrogate modeling to accelerate the computations, as commented in Section 3.3.
Finally, it must be pointed that in [20, Section 2.3] there is a list of open-source ASO
algorithms — which have to be coupled to the user’s CFD solver — that may be very
useful for our purposes.

5. Conclusions
In this report, the state of the art in ASO is briefly reviewed.
The ASO problem can be decomposed into three subproblems: (i) define a CAD
geometry from a given set of parameters x, (ii) evaluate CD from the CAD model via
a CFD solver, and (iii) optimize CD (x).
There are several techniques that seem attractive to perform the ASO in an efficient
way. For instance, the POD method [21] may help to reduce the number of geometric
parameters by filtering out badly performing geometries. Goal-oriented anisotropic
mesh refinement techniques [2, 5] and highorder space discretizations [3, 11] will
speed up CFD computations. Surrogate modeling [14] — i.e., replacing the CFD model
by a simplified mathematical one — will accelerate as well the optimization procedure.
It would be very useful, but not essential, that the CFD program solved the so-called
adjoint problem, in order to compute the derivatives of CD with respect to the
geometrical parameters. Finally, gradient-free or hybrid optimization methods may
perform better than gradient-based methods due to the numerical noise associated
with the flow turbulence.
To solve in practice the ASO problem for the case of an electric motorbike is a
challenging task that requires an enormous dedication. Also, it might prove wrong or
unfeasible some of the ideas sketched above. Nevertheless, we expect that this text is
useful to start approaching the ASO problem in a short-term future.
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